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Given a multivariate non-
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other number theory negative polynomial, does
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- Motzkin polynomial

GM(z*y?, z%y*, 1) < AM(z*y?, z°y*, 1)
2 + 22t +1— 3222 > 0
Does not admit o sumv-of-squares representalion
Not evenw adding o owbitrarily lowge constant
But (¢ +y?)(z'y? + 2%y" + 1 - 32°y*) does admit a

sos decomposition/!!

T. S. Motzkin, The arithmetic-geometric inequality. 1967 Inequalities (Proc. Sympos. Wright-
Patterson Air Force Base, Ohio, 1965) pp. 205-224
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o Artinvy solutiovn (1927)

But still, deciding whether p(Z) > 0 VZ € R"
remaing NP -howd

Is there av tractable approach to-this guestion?
Semidefinite programs
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[Gouveia, Thomas, Convex Hulls
of semialgebraic sets, 2012]
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» Toy example: The CHSH inequality
CHSH = <AOB()> + <A()Bl> + <AlBQ> — <A1B1> < 6

o Cloussical bound: Commmutative sos
2 — CHSH =2 — Ao(Bo + B1) — A1(Bo — By) > 0

o Quauntuuwm bound: Now-commutative sos

V2(2v2 — CHSH) = (Ag — (By + B1)/v2)* + (A1 — (Bo — B1)/V2)* > 0
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A Uit of Quantum Info-
» Toy example: The CHSH inequality
CHSH = <AOB()> + <A()Bl> + <AlBQ> — <A1B1> < 6
o Classicall bound: Commutative sos
2 — CHSH =2 — Ag(By + B1) — A1(Bo — B;) > 0
o Quantuum bound: Nownw-commutative sos

V2(2v2 — CHSH) = (Ag — (By + B1)/v2)* + (A1 — (Bo — B1)/V2)* > 0

« Other couses: PPT states do- not violate CHSH
(2—-CHSH)’+[(2—CHSH")*]' x2—CHSH >,,,. 0
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Some applications

week ending

PRL 119, 230402 (2017) PHYSICAL REVIEW LETTERS 8 DECEMBER 2017

Bounding the Set of Classical Correlations of a Many-Body System

Matteo Fadel"  and Jordi Tura™"

We present a method to certify the presence of Bell correlations in experimentally observed statistics,
and to obtain new Bell inequalities. Our approach is based on relaxing the conditions defining the set
of correlations obeying a local hidden variable model, yielding a convergent hierarchy of semidefinite
programs (SDP’s). Because the size of these SDP’s is independent of the number of parties involved, this
technique allows us to characterize correlations in many-body systems. As an example, we illustrate our
method with the experimental data presented in Science 352, 441 (2016).

DOI: 10.1103/PhysRevLett.119.230402
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Detecting nonlocality in many-body
quantum states Example 28, + ;Sm - So1 + ;511 +2N 20
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= {g(f) - Z-’Ei =N, x; € Z}D}

Goal: Define av manifold interpolating the vertices of the symwmetiic 2 -
body polytope; and compute ity covwexr hull
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Fivst Ve/laz)ca/%ow
P° = CH {.5_"(5) s.t. Z:L',- = N,

|

i

P° D P°
\ { fi(Sk) =0
9;(Sk) >0

Computing the covwex il of av semialgebraic set is NP-hards
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- (Sk) =0
]PS is defined by Jil _,K)
9i(Sk) 20

ansatz: [(S) = Zgz( 5) 04(S)

-

0;(S) sos polynomials

NOTE: /is positive in P°
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P~

P> s defined by { .

ansatz: [( _}) = Zgz( _’) i _')
CT@(S_") sos polynomials

NOTE: /is positive in P°

Solve the sos representation problem as an SDP!
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GOAL: prove [(8*) < 0

—

for some o;(S)

1 So S Soo
s S Ses SuSuo
Gz0  T=lg s8 & S

spp: I'>0

|

subjectto: Sp =385, S1 =857, ...
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GOAL: prove [(8*) < 0

—

for some o;(S)

1 S S Sw -
Gs0 r_|% S SS SSw ...

S &Sy S SiSw ...

spp: I'>0

subjectto: Sy =385, S1 =387, ... (Experimental dato point)
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Resulty .
» Testing all BI of o cevtovinv form Wlf]’l/a/
single SDP
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» Testing all BI of av cevtoinv form withv ov single SDP
« If the experimental point iy sufficiently nonlocal,
ﬂ/\&SDP outputy the Bell inequality that is |
violated, withv o proof-of ity classical bound
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R%’M/Z/ty @-@
» Testing all BI of a cevtoin form withvav single SDP
« If the experimental point is sufficiently nonlocal; the
SDP outputy the Bell inequality that is violated, withv
a proof of ity classical bound
» The complexity of the problem iy independent of the
systen sige
Approximation for N= 10
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Resudty

. Testing allBI of a certain formwith a single SDP

« If the experimental point is sufficiently nonlocal; the
SDP outputy the Bell inequality that is violated, withv
a proof-of ity classical bound

» The complexity of the problem iy independent of the
systen size

10 experimental datow and N=476
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Generalizatiow
» More outcomes, higher-ovder
corvrelators...

(aQ

L

Q)



Generalizatiow
» More outcomes, higher-ovder
corvrelators...
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Generalizatiow
» More outcomes, higher-ovder
corvrelators...

Spinv-nemalic squeeszing
Polytope approach aliready impractical

[Ongoing work withvA. Aloy and M. Fadel)
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Generalizatiow
» More outcomes, higher-ovder
corvrelators...

d=3 Spinv-nemalic squeeszing
o Polytope approach aliready impractical
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Generaligzation
» More outcomes;, higher-ovder
correlators...

40
Spinv-nematic s
1 d = p squeezing
v
¢ o Polytope approach already impractical
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Generalizatiow

» More outcomes, higher-ovder

corvrelators...
d=3
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Spinv-nemalic squeeszing

Polytope approach aliready impractical
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« A quantum informationw scientist meety
non-negative polynomials

» Swm-of-squares representations
» Chawacterizging many-body corvrelations

« Anw applicatiow of sum-of-quares inv
gquantum information self-testing
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Self-testing quantum dey

» Some gquantuwm correlations canv be/
produced mfdy by some quantunm states

¥) = f(\00> +[11))
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» Some gquantum correlations corv be
produced mfdy by some quantumn states

¥) = f(\00> +[11))

CHSH = (AyBy) + (AoBy) + (A1 Bo) — (A, By) < 3
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Self-testing gquantum dev

» Some guantum corvrelations carv be/
produced only by some quantuwm states

1
¥) = \ﬁ(!o@ +[11))

CHSH = <A0B0> -+ <A()Bl> -+ <AlB()> — <AlBl> < 5

\ i A o \ | o) I % I i
f \ \ | / \ | N v
\ e \ . i , o L
\‘\ i j e -_-___,. |I ", --______ 1 | Yy % | h -'__.-
'i e — = I‘". .____.-'"-' 1 ‘\ T— —— I|I | __.-"’ "._ | F 9
W % e | — \ | / \ | . T
- — i / \ - J
: — ¥ g | - \ 1 i | P .




Self-testing gquantum dev

» Some guantum corvrelations carv be/
produced only by some quantuwm states

1
¥) = \ﬁ(!o@ +[11))

CHSH = <A0B0> -+ <A()Bl> -+ <AlB()> — <AlBl> < 5
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Self-testing quantum devic

» Some guantum corvrelations carv be/
produced only by some quantuwm states

1
¥) = \ﬁ(!o@ +[11))

CHSH = <A0B0> -+ <A()Bl> -+ <AlB()> — <AlBl> < 5
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Self-testing quantum devic

. Som,e/qwmtumwwelaﬂovwca/wb@
produced only by some quantuwm states

1
¥) = \ﬁ(!o@ +[11))

CHSH = <A0B0> -+ <A()Bl> -+ <AlB()> — <AlBl> < 5
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Self-testing quantuwmw dev

» Some guantum corvrelations carv be/
produced only by some quantuwm states

1
¥) = \ﬁ(!o@ +[11))

CHSH = <A0B0> -+ <A()Bl> -+ <AlB()> — <AlBl> < 5
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» Info. about optimal measurements?
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Self-testing quantuwmw dev

» Info- aboutopfumbwwa/swe/nwmty? |

22— CHSH = (Ao (Bo + B1)/V?2)? +

%\

V2

(44— (By— By)/V2)? > 0
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Self-testing quantum dey

» Info- aboutopfumbwwa/swe/nwmty? |

1 2
2v/2 — CHSH = E(AO — (Bo+ By)/V2)? +

V2

(A~ (Bo— BV >0
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Self-testing quantuwmw dev
 Info. about optimal WLQ/MWQ/WIW&? |

2V2 - CHSH = i(AO — (B + B)/V2)* + i(A1 — (By — B1)/V2)? >0

(A B”gl)wo (A g‘)Bl)wo
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Self-testing quantuwmw dev
 Info. about optimal WLQ/MWQ/WIW&? |

2V2 - CHSH = i(AO — (B + B)/V2)* + i(A1 — (By — B1)/V2)? >0

(A B”gl)wo (A g‘)Bl)wo
NG - RV
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» Info. about optimal measurements?

1 , 1 )
E<Ao—(Bo+Bl>N§) —I—E(Al—(Bo—Bl)/\/i) >0
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Self-testing quantum dey .}
* Info. about optimal measurements?

W3 — CHSH = ——(Ag — (Bo + B1)/V2)2 + — (A1 — (By — B1)/v3)2 > 0
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“SATWAP inequality”, PRL 119, 040402 (2017)




“SATWAP inequality”, PRL 119, 040402 (2017)
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Self-testing gquantuwm dev
» Typical approaciv
- Tight Bell inequalities
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» Typical approach
- Tight Bell inequalities




Self-testing gquantuwm dev
» Typical approaciv
- Tight Bell inequalities

M inima number
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» Typical approach
- Tight Bell inequalities
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Self-testing quantum dey .}
» Typical approach
- Tight Bell inequalities

Minimal nuumber
Optimal i what sense?

Colling-Gisin-Linden-Massor-Popescuw (CGLMP) inequality
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Self-testing gquantuwm dev
» Typical approaciv
- Tight Bell inequalities

M inima number
Optimal inv what sense?

Colling-Gisin-Linden-Massaw-Popescuw (CGLMP) inequality
Ld/2] 2
B%GLMP = Z (1 = ﬁ) ([P(Al — —I—k)—l—P(Bl = 1)—|—P(A2 = Ba ‘I—k)—'—P(BQ — 2 —I—k)]
k=0 '
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Self-testing gquantuwm dev
» Typical approach
- Tight Bell inequalities

Minima nuwmber
Optimal inv what sense?

CGLMP is tight, resistant to- noise; analytically
easy... but has avw important “anomaly”

oy CGLMPY 00) + ~|11) + |22)

Ve = f-}_.?.

LHVM

Colling-Gisin-Linden-Massor-Popescw (CGLMP) inequality
L/2]

2k
Blowe = Y. (1= 707 ) (P(As = Bi+ k) + P(By = Aa+k+ 1)+ P(da = B+ 1)+ P(Ba = A1 + )
k=0

—FlAy — Bk 1) E R By — s kTR s —Hs— % ) ERE Ay k)= 2
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Self-testing gquantuwm dev
« Iy that suwrprising?
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Self-testing gquantuwm dev
o« Iy that surprising?

LHVM set has actually nothing to-do-with quantuun physics; inv
particlar, max. ent. States.
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Self-testing quantum dey
o« Iy that surprising?

LHVM set has actually nothing to-do-with quantuun physics; inv
particlar, max. ent. States.
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o« Isthat suwprising?
LHVM set has actually nothing to-do- withv quantum physics; in
particlar, max. ent. States.

Tight inequality derived
from LHVM models
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Self-testing quantuwmn devices!
e Is that suwrbrising?

LHVM set has actually nothing to-do-with quantuun physics; inv
particlar, max. ent. States.

[67)
L
Tight inequaldy derived Bell inequality tailoved to-the
from LHVM models noimally ents vy
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Self-testing gquantuwm dev
« Iy that suwrprising?

LHVM set has actually nothing to-do-with quantuun physics; inv
particlar, max. ent. States.

|67)

L
Tight inequality derived Bell inequality tailored to-the
fromv LHVM models maximally entongled state

Complicated Operator -
su-of-squanes
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Self-testing gquantuwm dev
« Iy that suwrprising?

LHVM set has actually nothing to-do-with quantuun physics; inv
particlar, max. ent. States.

|67)

L
Tight inequality derived Bell inequality tailored to-the
fromv LHVM models maximally entongled state
Complicated Operator - Simple; first-degree
sun-of-squanes operator-sumn-of-squares
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elf-testing gquantuwm dev

» Fidelity withv maximally entangled

quirit paur

09F

0.8

0.7F

0.2

01k

-

ﬂ"'ﬁf

g.{IE

L
3.08 a1
Bell nequality viclation

1
312

314

3.16

(aQ

L

Q)



hef 4 G A

o B3 - kA

$ i AL ?
&, ¥

Self-testing quantunm devices’
 Fidelity withy maximally entongled

quirit paur ) = 00) + |11) + [22)
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Self-testing quantunm devices!
» Fidelity withv maximally entangled

quirit paur ) = 00) + |11) + [22)
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Self-testing quantum dey

. Fidelity with maximally entongled
quirit paur ) = 00) + |11) + [22)
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Self-testing gquantuwm dev

» Experiment in Bristol

S. Paesani J. Wang R. Santagati Y. Ding D. Bacco

g

mpson K. Rottwitt L. K. Oxenlgwe

M. Tho

= |4 University of DIU om0 fotoni
BRISTOL @@ Department of Photonics Engineering

=
T. Acin

- ICFO"

The Institute
of Photonic

Sciences SC/{/W 360’ 285 (2018)
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Integration of more than 500 optical
components, including:

* 93 active components (phase shifters).
* 16 SFWM single photon sources.




Self-testing quantum
 State tomography
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Self-testing quantuwmn devic

SATWAP BeII inequalities:
Z Z (ALB)

i=11=1
A. Salavrakos et al, PRL 119, 040402 (2017).
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Self-testing quantum dey

SATWAP Bell inequalities:

2 d-1

i =3 Y (AB})

i=11=1

A. Salavrakos et al, PRL 119, 040402 (2017).

Bell value /4
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Dimension

Self-testing:

Device-independent characterisation of quantum device:

from nonlocal correlations

1
Self-testing states: |§y) = WUOO) + v|11) + |22))

1.0+
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0o

Self-tested fideity
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A
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Relative quantum violation 7 4/Qq
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« SDPs and polynomial optimigatiov owe/ﬁ
ubiguitous irv quontum informatiovw

.« Here we showed how they yield accurate
outer approximations to-the LHVM sel

viav CH of semialgebraic sety

» Approach iy scalable, independent of
the systen size

+ SOS certificates allow to- «peek insides
the black box
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. Highly scalable approach, o

- Self-testing of spin-squeesged states
» Detectiow of nonlocality inv non-Gaussian
states

» Incorporate synwumetvies to-the novw-
conmmulolive case — Quaunlume upper
bounds

» Nonlocality depth quantification
.x P 1 O (OQOL)
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