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G = (V,E) a graph
[ C Vs independent if xy & E forall x,y € 1

a(G) = independence number = maximum size of independent set

9(G)=max ) A(x,y) min
X,yEV Z(x,x) <A—1 forallxeV,
YAl Zly)ie = Ll xy&olive 7)),
xeV /Z >0,
Ax,y)=0 ifxy€eE, A ATA T AR o)
Al A=)
A: VXV >R

THEOREM. 3'(G) > a(G).
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LOCALLY INDEPENDENT GRAPH

* Any compact independent set subset of an open independent set

* Any point has an independent neighborhood



COMPACT NOT COMPACT

TOPOLOGICAL  «Binary codes

PACKING * Spherical codes il Ll

LOCALLY :w’?ggn;Ziién’s * Distance-avoiding sets

INDEPENDENT BRI in Euclidean space
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sy Fafil s A x = -0

* a(G) = 1, = kissing number in dimension n

min A
Z(x,x) <A—-1 forallxe S
Z(x,y) < -1 if zx,y > 60°,
Z =,
Vil = 8 e S



o N
cxye Eifx-y=0

max A(x,y) dydx
J §n—1J gn—-1

Al x)dx =k

.JSn—l

AGey)=0 _Hx-y=4,
A>0, A>0,

Ae S Ixsmh
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THREE-POINT BOUND

oV Ris slice-positive if F(x,-,-) > 0foreveryx €V

max Z A(x,y)

x,yev

ZA(x,x) =1,

A(x,y) = F(x,x,y) forallx,y eV,
F(x,y,z) =0 if {x,y,z} notindependent,
A: V> R,

F: V° > R is symmetric and slice-positive



BINARY CODES

SPHERICAL CODES

WITSENHAUSEN

SPHERE PACKINGS

EUCLIDEAN
DISTANCE-AVOIDING

2-POINT

3-POINT

Delsapiesl sy

Schrijver (2005)

Delsarte, Goethals, and
Seidel CIST)

Bachoc and Vallentin
(2007)

Bachoc, Nebe, O,
Vallentin (2008)

THIS

Cohn and Elkies (2003)

Cohn, de Laat, and
Salmon (2022)

O. and Vallentin (2008)
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max Z A(x,y) min A
x,yeV Zxsxn = —lsiforall ve-¥
2 A 20, y)is il cifay & Bt ),
x€V Z € COP(V)
Ax,y) =0 ifxy€ekE,
A € CP(V)

THEOREM. Optima = a(G) .
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CP(V) =cone{ f®f:feLXV), f>0)
COPV) = fA e LAV (AL Fro 0N el f20]

max A(x,y)dydx min A
3 Zx vp=oh=il cormalli el
Al x)dx = 1, 2oyl atey & B oe k)
Jy Z € COP(V), Z continuous

Ax,y) =0 ifxyekE,
A € CP(V), A continuous

THEOREM. Optimal is independence number.
* Packing graphs: Dobre, Dur, Frerick, and Vallentin (2016)
* Locally independent graphs: DeCorte, O,, and Vallentin (2020)
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If A € C(V?),then (A ® Lt s Xpn) = A(Xg,X5)

1
f F: V7= R, then o(F)(xy, ..., %) = — 3 Flal, 5 ix)
> sl

neS,

(V)= {A€C(V?):6(A®1®) >0}

THEOREM (KURYATNIKOVA,VERA 2019). U € (V) contains the

r>0

algebraic interior of COP(V) N C(V).



FINITE SETTING
* Parrilo (2000)

* de Klerk and Pasechnik (2002)
* Pena,Vera, and Zuluaga (2007)



FINITE SETTING
* Parrilo (2000)

* de Klerk and Pasechnik (2002)
* Pena,Vera, and Zuluaga (2007)

e A € &" a matrix



FINITE SETTING
* Parrilo (2000)

* de Klerk and Pasechnik (2002)
* Pena,Vera, and Zuluaga (2007)

e A € &" a matrix

* p(x) = (Ax, x) is a homogeneous polynomial on 7 variables



FINITE SETTING
* Parrilo (2000)

* de Klerk and Pasechnik (2002)
* Pena,Vera, and Zuluaga (2007)

A € &" a matrix
* p(x) = (Ax, x) is a homogeneous polynomial on 7 variables

* Polya’s Theorem: p(x) > O for all x > O iff there is r > 0 such that
g(x) = (1, x)"(Ax, x) has nonnegative coefficients



FINITE SETTING
* Parrilo (2000)

* de Klerk and Pasechnik (2002)
* Pena,Vera, and Zuluaga (2007)

A € &" a matrix
* p(x) = (Ax, x) is a homogeneous polynomial on 7 variables

* Polya’s Theorem: p(x) > O for all x > O iff there is r > 0 such that
g(x) = (1, x)"(Ax, x) has nonnegative coefficients

* Now note that g(x) = (c(A & 1®r),X®(r+2)>



FINITE SETTING
* Parrilo (2000)

* de Klerk and Pasechnik (2002)
* Pena,Vera, and Zuluaga (2007)

A € &" a matrix
* p(x) = (Ax, x) is a homogeneous polynomial on 7 variables

* Polya’s Theorem: p(x) > O for all x > O iff there is r > 0 such that
g(x) = (1, x)"(Ax, x) has nonnegative coefficients

* Now note that g(x) = (c(A & 1®r),X®(r+2)>

» So the coefficients of g are nonnegative iff 6(A @ 1%") > 0
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SRE T i [ S
JYyJVy

Altxx)adr=1,
Jy
Ax,y) =0 ifxyekE,

A € G, (V)* is continuous

BE(WV)={A€eCVH):6401%) >0}
B (V)*={AeL*(V®):(A,Z) > 0forall Ze B(V)}

THEOREM. CP(V) C ﬂ € . (V)* and y(G) = a(G).

r>0
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