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OPTIMAL EMBEDDINGS OF DISTANCE TRANSITIVE GRAPHS INTO
EUCLIDEAN SPACES

FRANK VALLENTIN

1. PROBLEM, MOTIVATION AND SOME BACKGROUND

1.1. Problem. Let (X, d) be a finite metric space. Find an isometric embedding into n-dimensional
Euclidean space. This is a map % : X ! Rn with

8x, y 2 X : d(x, y) = k%(x)� %(y)k,
where the norm of (x1, . . . , xn) 2 Rn is

k(x1, . . . , xn)k =
q
x2
1 + · · ·+ x2

n.

1.2. Applications. Visualization of DNA data, Voronoi cells for fingerprint data, Design of ap-
proximation algorithms for the sparsest cut problem, . . .

1.3. Bad News. There is no isometric embedding into any n-dimensional Euclidean space for
X = {↵, �, �, �} with

d(↵, �) = d(�, �) = d(�, �) = d(�,↵) = 1

and
d(↵, �) = d(�, �) = 2.

1.4. Good News.

Definition 1.1. Let % : X ! Rn an embedding. The embedding has distortion D = �
↵ if

8x, y 2 X : ↵d(x, y)  k%(x)� %(y)k  �d(x, y).

Denote by c2(X, d) the minimal possible distortion of (X, d) into any n-dimensional Euclidean
space. An embedding of (X, d) attaining distortion c2(X, d) is called optimal embedding.

Example 1.2. The “square embedding” has distortion
p
2 where � = 1 and ↵ = 2p

2
. We shall

prove later that it is an optimal embedding.

Note that by scaling of % we can assume that ↵ = 1.

Theorem 1.3 (Bourgain 1985). We have c2(X, d) = O(log |X|).

Theorem 1.4 (Linial, London, Rabinovich, 1995). For so-called constant degree expanders Bour-
gain’s bound is tight.

Precise: Let G = (V,E) be a k-regular ✏-expander, then c2(G) � c log |V | where c depends
only on k and ✏. For every S ✓ V with |S|  |V |/2 there are at least ✏|S| outgoing edges.

1.5. Nati’s Challenge. Compute optimal embeddings of finite metric spaces given by the shortest
path metric of graphs. In particular find more examples where Bourgain’s bound is tight.

Date: 21st October 2005.
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Least distortion is central to the “Ribe program” in functional analysis: 
Relate Banach space concepts (linear, normed, complete) to metric 
space concepts (fascinating surveys by Ball, Naor)

Applications to data science and algorithm design: Data sets come 
equipped with a natural similarity metric but not with a linear structure. 
Now embed the data into Banach space with least distortion and exploit 
the linear structure.
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.

Linial, London, Rabinovich, 1995


<latexit sha1_base64="D/+YAOYgz5wODlfqT58cXEDSAyA="></latexit>

'(x) · '(y) = Qxy
<latexit sha1_base64="nblxYu3P06DuqUe27NIKI3BRJz0="></latexit>

Scale ' so that contraction(') = 1 and set

primal SDP

<latexit sha1_base64="beX5KFuddyizk9sc+hqMst+1Brc="></latexit>

c2(X, d)2 = inf{C : C 2 R+, Q 2 SX
+ ,

d(x, y)2  Qxx � 2Qxy +Qyy  Cd(x, y)2 for x, y 2 X},



Can determine  efficiently by a semidefinite programc2(X, d)

dual SDP: systematic way to derive lower bounds for c2(X, d)
<latexit sha1_base64="R5gq/BFGhrB70g0T8c8rMFQkvY0="></latexit>

c2(X, d)2 = sup

( Pn
i,j=1:Yij>0 Yijd(xi, xj)2

�
Pn

i,j=1:Yij<0 Yijd(xi, xj)2
: Y 2 Sn

+, Y e = 0

)
.

weak duality:
<latexit sha1_base64="LkC2tybrZ++1utUkx5As/mkVFmA=">AAACFHicdVDLSsNAFJ3UV62vqEs3g60gCCUptepGCm5cVrAPaUOZTCbt2MlMmJkIJfQj3Pgrblwo4taFO//GNI1QRc/qcM693HOPGzKqtGV9GrmFxaXllfxqYW19Y3PL3N5pKRFJTJpYMCE7LlKEUU6ammpGOqEkKHAZabuji6nfviNSUcGv9TgkToAGnPoUI51IffOodNOP6e0EnkOrBAVnY+gLCQOhNMSCa4mwJh4MEZWqbxatspUCzpFjyz6r2dDOlCLI0OibHz1P4CggXGOGlOraVqidGElNMSOTQi9SJER4hAakm1COAqKcOH1qAg8SxUvD+EkOmKrzGzEKlBoHbjIZID1Uv72p+JfXjbR/6sSUh5EmHM8O+RGDWsBpQ9CjkmCdFOFRhCVNskI8RGkRUhWSEr4/hf+TVqVs18rVq0qxXs3qyIM9sA8OgQ1OQB1cggZoAgzuwSN4Bi/Gg/FkvBpvs9Gcke3sgh8w3r8AB0Sdkw==</latexit>

Yij > 0 only for most contracted pairs

<latexit sha1_base64="1MWCYRpLh3B62zjybli4LwX9+/8=">AAACEnicdVC7SgNBFJ31GeMramkzmAjahN0Qo4JFwMYygnlIEsLs7N1kzOzMMjMrhiXfYOOv2FgoYmtl59+4eQhR9FSHc+7lnnvckDNtbPvTmptfWFxaTq2kV9fWNzYzW9s1LSNFoUoll6rhEg2cCagaZjg0QgUkcDnU3f75yK/fgtJMiiszCKEdkK5gPqPEJFInc5i77sTsZojPsJ3DUvAB9qXCgdQGw11IhAceDglTupPJ2nl7DDxDjmzntORgZ6pk0RSVTuaj5UkaBSAM5UTrpmOHph0TZRjlMEy3Ig0hoX3ShWZCBQlAt+PxS0O8nyjeOIovhcFjdXYjJoHWg8BNJgNievq3NxL/8pqR8U/aMRNhZEDQySE/4thIPOoHe0wBNUkNHiNUsSQrpj2iCDVJi+mkhO9P8f+kVsg7pXzxspAtF6d1pNAu2kMHyEHHqIwuUAVVEUX36BE9oxfrwXqyXq23yeicNd3ZQT9gvX8BSt2cnw==</latexit>

Yij < 0 only for most expanded pairs

Linial, London, Rabinovich, 1995


<latexit sha1_base64="D/+YAOYgz5wODlfqT58cXEDSAyA="></latexit>

'(x) · '(y) = Qxy
<latexit sha1_base64="nblxYu3P06DuqUe27NIKI3BRJz0="></latexit>

Scale ' so that contraction(') = 1 and set

primal SDP

<latexit sha1_base64="beX5KFuddyizk9sc+hqMst+1Brc="></latexit>

c2(X, d)2 = inf{C : C 2 R+, Q 2 SX
+ ,

d(x, y)2  Qxx � 2Qxy +Qyy  Cd(x, y)2 for x, y 2 X},



<latexit sha1_base64="R5gq/BFGhrB70g0T8c8rMFQkvY0="></latexit>

c2(X, d)2 = sup

( Pn
i,j=1:Yij>0 Yijd(xi, xj)2

�
Pn

i,j=1:Yij<0 Yijd(xi, xj)2
: Y 2 Sn

+, Y e = 0

)
.

Using the dual



<latexit sha1_base64="R5gq/BFGhrB70g0T8c8rMFQkvY0="></latexit>

c2(X, d)2 = sup

( Pn
i,j=1:Yij>0 Yijd(xi, xj)2

�
Pn

i,j=1:Yij<0 Yijd(xi, xj)2
: Y 2 Sn

+, Y e = 0

)
.

Linial, Magen, 2000: If  comes from a graph, then most expanded 
pairs come from adjacent vertices, but most contracted pairs are 
mysterious.

(X, d)

Using the dual



<latexit sha1_base64="R5gq/BFGhrB70g0T8c8rMFQkvY0="></latexit>

c2(X, d)2 = sup

( Pn
i,j=1:Yij>0 Yijd(xi, xj)2

�
Pn

i,j=1:Yij<0 Yijd(xi, xj)2
: Y 2 Sn

+, Y e = 0

)
.

<latexit sha1_base64="99R7DHBv7tim1KSWKXtiZhAftBQ="></latexit>

The positive semidefinite matrix

Y =

0

BB@

1 �1 1 �1
�1 1 �1 1
1 �1 1 �1
�1 1 �1 1

1

CCA = (1,�1, 1,�1)t(1,�1, 1,�1)

proves that the “square embedding” is optimal. We have c2(X, d)2  2 due to
the existence of the embedding and we have

c2(X, d)2 �
P4

i,j=1:Yij>0 Yijd(xi, xj)2

�
P4

i,j=1:Yij<0 Yijd(xi, xj)2
=

4 · 22 · 1
8 · 12 · (�(�1))

= 2.

Linial, Magen, 2000: If  comes from a graph, then most expanded 
pairs come from adjacent vertices, but most contracted pairs are 
mysterious.

(X, d)

Using the dual



dual SDP has been used to find least distortion embeddings of several 
graph classes:


Linial, Magen, 2000: product of cycles and expander graphs (in 
particular Bourgain’s result is tight)


Linial, Magen, Naor, 2002: graphs of high girth


Vallentin, 2008: strongly regular graphs, distance regular graphs

(extended by Kobayashi, Kondo, 2015,

Cioabă, Gupta, Ihringer, Kurihara, 2021)

Using the dual: References



I. Least distortion embeddings 
of finite metric spaces 

II. Flat tori 

III. SDP perspective




Flat tori: Definition



<latexit sha1_base64="2gUDGZTJP7NZXooOMSc/8G4n0Qg=">AAACE3icdVDLSgMxFM34rPVVdekm2AoipcwUrQouCm5cVrEPaOuQpJk2NJMMSUYoQ//Bjb/ixoUibt24829MH0IVPRA4nHPvzb0HR5xp47qfztz8wuLScmolvbq2vrGZ2dquaRkrQqtEcqkaGGnKmaBVwwynjUhRFGJO67h/MfLrd1RpJsWNGUS0HaKuYAEjyFjJzxzmsO/lYYt3pNF5iH2Rg3Ye01AGMNcKkelhnFwPb0XOz2TdgjsGnCHHrndW8qA3VbJgioqf+Wh1JIlDKgzhSOum50amnSBlGOF0mG7FmkaI9FGXNi0VKKS6nYxvGsJ9q3RgIJV9wsCxOtuRoFDrQYht5WhJ/dsbiX95zdgEp+2EiSg2VJDJR0HMoZFwFBDsMEWJ4QNLEFHM7gpJDylEjI0xbUP4vhT+T2rFglcqHF0Vs+XzaRwpsAv2wAHwwAkog0tQAVVAwD14BM/gxXlwnpxX521SOudMe3bADzjvX+3XnFg=</latexit>

b1, . . . , bn basis of Rn

<latexit sha1_base64="Om7kiv5KBcWhDa/HMLYre8+HzCM=">AAACH3icdVDLSgMxFM3UV62vUZdugq0gCGWmaFVQKLhx4aKCfWBbSiZN29BMZkjuCGXon7jxV9y4UETc9W/MtBWq6IHA4Zx7b+49Xii4BscZW6mFxaXllfRqZm19Y3PL3t6p6iBSlFVoIAJV94hmgktWAQ6C1UPFiO8JVvMGV4lfe2BK80DewTBkLZ/0JO9ySsBIbbuYu8GXuOkT6HtefD/CXtvFR7hJOwHohMw7MocFAeCUte2sk3cmwHPkxHHPiy52Z0oWzVBu25/NTkAjn0mggmjdcJ0QWjFRZppgo0wz0iwkdEB6rGGoJD7TrXhy3wgfGKWDu4EyTwKeqPMdMfG1HvqeqUzW1b+9RPzLa0TQPWvFXIYRMEmnH3UjgSHASVi4wxWjIIaGEKq42RXTPlGEgok0Y0L4vhT/T6qFvFvMH98WsqWLWRxptIf20SFy0SkqoWtURhVE0SN6Rq/ozXqyXqx362NamrJmPbvoB6zxF4kIoN0=</latexit>

L = Zb1 + · · ·+ Zbn lattice
<latexit sha1_base64="7WX483NiSuZZJy9Zs9jLKVvx+Sk=">AAACCnicdVDLSgMxFM34rPU16tJNtBVc1ZmiVUGh4MaFiyp9QTuWTJppQzOZIckIZejajb/ixoUibv0Cd/6NmXaEKnogcDjnXnLPcUNGpbKsT2Nmdm5+YTGzlF1eWV1bNzc26zKIBCY1HLBANF0kCaOc1BRVjDRDQZDvMtJwBxeJ37gjQtKAV9UwJI6Pepx6FCOlpY65k6/Cc9j2keq7bnwzuuXwAF7loceQgioQkeyYOatgjQGnyJFln5ZsaKdKDqSodMyPdjfAkU+4wgxJ2bKtUDkxEopiRkbZdiRJiPAA9UhLU458Ip14HGUE97TShV4g9OMKjtXpjRj5Ug59V08mN8vfXiL+5bUi5Z04MeVhpAjHk4+8iOmMMOkFdqkgWLGhJggLqm+FuI8Ewkq3l9UlfCeF/5N6sWCXCofXxVz5LK0jA7bBLtgHNjgGZXAJKqAGMLgHj+AZvBgPxpPxarxNRmeMdGcL/IDx/gV+CZjk</latexit>

T = Rn/L flat torus
<latexit sha1_base64="E0QcSsVGEuoNbDnXFgww4Q3xmBY="></latexit>

dRn/L(x, y) = min
v2L

|x� y � v|.

Flat tori: Definition



<latexit sha1_base64="2gUDGZTJP7NZXooOMSc/8G4n0Qg=">AAACE3icdVDLSgMxFM34rPVVdekm2AoipcwUrQouCm5cVrEPaOuQpJk2NJMMSUYoQ//Bjb/ixoUibt24829MH0IVPRA4nHPvzb0HR5xp47qfztz8wuLScmolvbq2vrGZ2dquaRkrQqtEcqkaGGnKmaBVwwynjUhRFGJO67h/MfLrd1RpJsWNGUS0HaKuYAEjyFjJzxzmsO/lYYt3pNF5iH2Rg3Ye01AGMNcKkelhnFwPb0XOz2TdgjsGnCHHrndW8qA3VbJgioqf+Wh1JIlDKgzhSOum50amnSBlGOF0mG7FmkaI9FGXNi0VKKS6nYxvGsJ9q3RgIJV9wsCxOtuRoFDrQYht5WhJ/dsbiX95zdgEp+2EiSg2VJDJR0HMoZFwFBDsMEWJ4QNLEFHM7gpJDylEjI0xbUP4vhT+T2rFglcqHF0Vs+XzaRwpsAv2wAHwwAkog0tQAVVAwD14BM/gxXlwnpxX521SOudMe3bADzjvX+3XnFg=</latexit>

b1, . . . , bn basis of Rn

<latexit sha1_base64="Om7kiv5KBcWhDa/HMLYre8+HzCM=">AAACH3icdVDLSgMxFM3UV62vUZdugq0gCGWmaFVQKLhx4aKCfWBbSiZN29BMZkjuCGXon7jxV9y4UETc9W/MtBWq6IHA4Zx7b+49Xii4BscZW6mFxaXllfRqZm19Y3PL3t6p6iBSlFVoIAJV94hmgktWAQ6C1UPFiO8JVvMGV4lfe2BK80DewTBkLZ/0JO9ySsBIbbuYu8GXuOkT6HtefD/CXtvFR7hJOwHohMw7MocFAeCUte2sk3cmwHPkxHHPiy52Z0oWzVBu25/NTkAjn0mggmjdcJ0QWjFRZppgo0wz0iwkdEB6rGGoJD7TrXhy3wgfGKWDu4EyTwKeqPMdMfG1HvqeqUzW1b+9RPzLa0TQPWvFXIYRMEmnH3UjgSHASVi4wxWjIIaGEKq42RXTPlGEgok0Y0L4vhT/T6qFvFvMH98WsqWLWRxptIf20SFy0SkqoWtURhVE0SN6Rq/ozXqyXqx362NamrJmPbvoB6zxF4kIoN0=</latexit>

L = Zb1 + · · ·+ Zbn lattice
<latexit sha1_base64="7WX483NiSuZZJy9Zs9jLKVvx+Sk=">AAACCnicdVDLSgMxFM34rPU16tJNtBVc1ZmiVUGh4MaFiyp9QTuWTJppQzOZIckIZejajb/ixoUibv0Cd/6NmXaEKnogcDjnXnLPcUNGpbKsT2Nmdm5+YTGzlF1eWV1bNzc26zKIBCY1HLBANF0kCaOc1BRVjDRDQZDvMtJwBxeJ37gjQtKAV9UwJI6Pepx6FCOlpY65k6/Cc9j2keq7bnwzuuXwAF7loceQgioQkeyYOatgjQGnyJFln5ZsaKdKDqSodMyPdjfAkU+4wgxJ2bKtUDkxEopiRkbZdiRJiPAA9UhLU458Ip14HGUE97TShV4g9OMKjtXpjRj5Ug59V08mN8vfXiL+5bUi5Z04MeVhpAjHk4+8iOmMMOkFdqkgWLGhJggLqm+FuI8Ewkq3l9UlfCeF/5N6sWCXCofXxVz5LK0jA7bBLtgHNjgGZXAJKqAGMLgHj+AZvBgPxpPxarxNRmeMdGcL/IDx/gV+CZjk</latexit>

T = Rn/L flat torus
<latexit sha1_base64="E0QcSsVGEuoNbDnXFgww4Q3xmBY="></latexit>

dRn/L(x, y) = min
v2L

|x� y � v|.

Flat tori: Definition



<latexit sha1_base64="2gUDGZTJP7NZXooOMSc/8G4n0Qg=">AAACE3icdVDLSgMxFM34rPVVdekm2AoipcwUrQouCm5cVrEPaOuQpJk2NJMMSUYoQ//Bjb/ixoUibt24829MH0IVPRA4nHPvzb0HR5xp47qfztz8wuLScmolvbq2vrGZ2dquaRkrQqtEcqkaGGnKmaBVwwynjUhRFGJO67h/MfLrd1RpJsWNGUS0HaKuYAEjyFjJzxzmsO/lYYt3pNF5iH2Rg3Ye01AGMNcKkelhnFwPb0XOz2TdgjsGnCHHrndW8qA3VbJgioqf+Wh1JIlDKgzhSOum50amnSBlGOF0mG7FmkaI9FGXNi0VKKS6nYxvGsJ9q3RgIJV9wsCxOtuRoFDrQYht5WhJ/dsbiX95zdgEp+2EiSg2VJDJR0HMoZFwFBDsMEWJ4QNLEFHM7gpJDylEjI0xbUP4vhT+T2rFglcqHF0Vs+XzaRwpsAv2wAHwwAkog0tQAVVAwD14BM/gxXlwnpxX521SOudMe3bADzjvX+3XnFg=</latexit>

b1, . . . , bn basis of Rn

<latexit sha1_base64="Om7kiv5KBcWhDa/HMLYre8+HzCM=">AAACH3icdVDLSgMxFM3UV62vUZdugq0gCGWmaFVQKLhx4aKCfWBbSiZN29BMZkjuCGXon7jxV9y4UETc9W/MtBWq6IHA4Zx7b+49Xii4BscZW6mFxaXllfRqZm19Y3PL3t6p6iBSlFVoIAJV94hmgktWAQ6C1UPFiO8JVvMGV4lfe2BK80DewTBkLZ/0JO9ySsBIbbuYu8GXuOkT6HtefD/CXtvFR7hJOwHohMw7MocFAeCUte2sk3cmwHPkxHHPiy52Z0oWzVBu25/NTkAjn0mggmjdcJ0QWjFRZppgo0wz0iwkdEB6rGGoJD7TrXhy3wgfGKWDu4EyTwKeqPMdMfG1HvqeqUzW1b+9RPzLa0TQPWvFXIYRMEmnH3UjgSHASVi4wxWjIIaGEKq42RXTPlGEgok0Y0L4vhT/T6qFvFvMH98WsqWLWRxptIf20SFy0SkqoWtURhVE0SN6Rq/ozXqyXqx362NamrJmPbvoB6zxF4kIoN0=</latexit>

L = Zb1 + · · ·+ Zbn lattice
<latexit sha1_base64="7WX483NiSuZZJy9Zs9jLKVvx+Sk=">AAACCnicdVDLSgMxFM34rPU16tJNtBVc1ZmiVUGh4MaFiyp9QTuWTJppQzOZIckIZejajb/ixoUibv0Cd/6NmXaEKnogcDjnXnLPcUNGpbKsT2Nmdm5+YTGzlF1eWV1bNzc26zKIBCY1HLBANF0kCaOc1BRVjDRDQZDvMtJwBxeJ37gjQtKAV9UwJI6Pepx6FCOlpY65k6/Cc9j2keq7bnwzuuXwAF7loceQgioQkeyYOatgjQGnyJFln5ZsaKdKDqSodMyPdjfAkU+4wgxJ2bKtUDkxEopiRkbZdiRJiPAA9UhLU458Ip14HGUE97TShV4g9OMKjtXpjRj5Ug59V08mN8vfXiL+5bUi5Z04MeVhpAjHk4+8iOmMMOkFdqkgWLGhJggLqm+FuI8Ewkq3l9UlfCeF/5N6sWCXCofXxVz5LK0jA7bBLtgHNjgGZXAJKqAGMLgHj+AZvBgPxpPxarxNRmeMdGcL/IDx/gV+CZjk</latexit>

T = Rn/L flat torus
<latexit sha1_base64="E0QcSsVGEuoNbDnXFgww4Q3xmBY="></latexit>

dRn/L(x, y) = min
v2L

|x� y � v|.

Flat tori: Definition

from: http://hevea-project.fr 

http://hevea-project.fr


Flat tori: Euclidean embeddings



<latexit sha1_base64="WfNgBEueS8cWXLvTUUsNd4ZhjUU="></latexit>

c2(Rn
/L) = inf{distortion(') : ' : Rn

/L ! H for some Hilbert space H, ' injective}.

<latexit sha1_base64="db3Y6TACwOIRiCkNtXvG9nQu6PM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KGWmSHXhouBGEKSCfUA7lEyaaUMzkyG5IwylH+DGX3HjQhG3foA7/8ZMOwttPRA4nHMuufd4keAabPvbyq2srq1v5DcLW9s7u3vF/YOWlrGirEmlkKrjEc0ED1kTOAjWiRQjgSdY2xtfpX77gSnNZXgPScTcgAxD7nNKwEj9YsnnSgMecE1jrdkAewm+GUko41siVRlXbbtmUnbFngEvEycjJZSh0S9+9QaSxgELgQqiddexI3AnRAGngk0LvViziNAxGbKuoSEJmHYns2Om+CRO1/ClMi8EPFN/T0xIoHUSeCYZEBjpRS8V//O6MfgX7oSHUQwspPOP/FhgkDhtxnSgGAWRGEKo4mZXTEdEEQqmv4IpwVk8eZm0qhWnVjm7q5bql1kdeXSEjtEpctA5qqNr1EBNRNEjekav6M16sl6sd+tjHs1Z2cwh+gPr8wcqgJm6</latexit>

first discussed by Khot, Naor, 2006

Flat tori: Euclidean embeddings



<latexit sha1_base64="WfNgBEueS8cWXLvTUUsNd4ZhjUU="></latexit>

c2(Rn
/L) = inf{distortion(') : ' : Rn

/L ! H for some Hilbert space H, ' injective}.

<latexit sha1_base64="db3Y6TACwOIRiCkNtXvG9nQu6PM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KGWmSHXhouBGEKSCfUA7lEyaaUMzkyG5IwylH+DGX3HjQhG3foA7/8ZMOwttPRA4nHMuufd4keAabPvbyq2srq1v5DcLW9s7u3vF/YOWlrGirEmlkKrjEc0ED1kTOAjWiRQjgSdY2xtfpX77gSnNZXgPScTcgAxD7nNKwEj9YsnnSgMecE1jrdkAewm+GUko41siVRlXbbtmUnbFngEvEycjJZSh0S9+9QaSxgELgQqiddexI3AnRAGngk0LvViziNAxGbKuoSEJmHYns2Om+CRO1/ClMi8EPFN/T0xIoHUSeCYZEBjpRS8V//O6MfgX7oSHUQwspPOP/FhgkDhtxnSgGAWRGEKo4mZXTEdEEQqmv4IpwVk8eZm0qhWnVjm7q5bql1kdeXSEjtEpctA5qqNr1EBNRNEjekav6M16sl6sd+tjHs1Z2cwh+gPr8wcqgJm6</latexit>

first discussed by Khot, Naor, 2006

Flat tori: Euclidean embeddings

in contrast to Nash’s embedding theorem

from: http://hevea-project.fr 

http://hevea-project.fr


<latexit sha1_base64="WfNgBEueS8cWXLvTUUsNd4ZhjUU="></latexit>

c2(Rn
/L) = inf{distortion(') : ' : Rn

/L ! H for some Hilbert space H, ' injective}.

<latexit sha1_base64="db3Y6TACwOIRiCkNtXvG9nQu6PM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KGWmSHXhouBGEKSCfUA7lEyaaUMzkyG5IwylH+DGX3HjQhG3foA7/8ZMOwttPRA4nHMuufd4keAabPvbyq2srq1v5DcLW9s7u3vF/YOWlrGirEmlkKrjEc0ED1kTOAjWiRQjgSdY2xtfpX77gSnNZXgPScTcgAxD7nNKwEj9YsnnSgMecE1jrdkAewm+GUko41siVRlXbbtmUnbFngEvEycjJZSh0S9+9QaSxgELgQqiddexI3AnRAGngk0LvViziNAxGbKuoSEJmHYns2Om+CRO1/ClMi8EPFN/T0xIoHUSeCYZEBjpRS8V//O6MfgX7oSHUQwspPOP/FhgkDhtxnSgGAWRGEKo4mZXTEdEEQqmv4IpwVk8eZm0qhWnVjm7q5bql1kdeXSEjtEpctA5qqNr1EBNRNEjekav6M16sl6sd+tjHs1Z2cwh+gPr8wcqgJm6</latexit>

first discussed by Khot, Naor, 2006

Potential applications: complexity of lattice problems, like closest vector problem

Flat tori: Euclidean embeddings

in contrast to Nash’s embedding theorem

from: http://hevea-project.fr 

http://hevea-project.fr


Standard embedding of standard torus



<latexit sha1_base64="46SkFaChdZEczvwGDplFUS/Wezs="></latexit>

'(x1, . . . , xn) = (cos 2⇡x1, sin 2⇡x1, . . . , cos 2⇡xn, sin 2⇡xn).

<latexit sha1_base64="dbX0H958PiQlE23dmomXAMR4lWo="></latexit>

' : Rn/Zn ! R2n

<latexit sha1_base64="i0LS2f1aGw+J6AlV7JLec55pSzU="></latexit>

will see: ' is optimal with distortion(') = ⇡/2

Standard embedding of standard torus



0
1
2

−
1
2

ε φ(
1
2

) φ(0)

φ(ε)

<latexit sha1_base64="in3DpbvJvTb8g55G0NeLe1yuvq4="></latexit>

contraction(') =
1/2

k'(0)� '(1/2)k = 1/4

<latexit sha1_base64="s6xdHKTL5s+xhJy2Wcfjq6h1yFM="></latexit>

expansion(') =
k'(0)� '(")k

"
=

p
2� 2 cos(2⇡")

"
! 2⇡

<latexit sha1_base64="N5Fi17IJdgjzKEcxYxAiOIt5yb4=">AAAB7HicdZDLSgMxFIbP1Futt6pLQYJFcFVmRKuCYsGNyxacttAOJZOmbWgmMyQZoQxdunbjQhG3PoNbX8Gdz6APYXoRqugPgZ/vP4ecc/yIM6Vt+91KzczOzS+kFzNLyyura9n1jYoKY0moS0IeypqPFeVMUFczzWktkhQHPqdVv3cxzKvXVCoWiivdj6gX4I5gbUawNsgV6Aw5zWzOztsjoSlzaDsnBQc5E5I7f/242X4pf5aa2bdGKyRxQIUmHCtVd+xIewmWmhFOB5lGrGiESQ93aN1YgQOqvGQ07ADtGtJC7VCaJzQa0emOBAdK9QPfVAZYd9XvbAj/yuqxbh97CRNRrKkg44/aMUc6RMPNUYtJSjTvG4OJZGZWRLpYYqLNfTLmCN+bov9NZT/vFPIHZTtXPIWx0rAFO7AHDhxBES6hBC4QYHAL9/BgCevOerSexqUpa9KzCT9kPX8BpgGSYA==</latexit>

n = 1

<latexit sha1_base64="46SkFaChdZEczvwGDplFUS/Wezs="></latexit>

'(x1, . . . , xn) = (cos 2⇡x1, sin 2⇡x1, . . . , cos 2⇡xn, sin 2⇡xn).

<latexit sha1_base64="dbX0H958PiQlE23dmomXAMR4lWo="></latexit>

' : Rn/Zn ! R2n

<latexit sha1_base64="i0LS2f1aGw+J6AlV7JLec55pSzU="></latexit>

will see: ' is optimal with distortion(') = ⇡/2

Standard embedding of standard torus



Flat tori can be highly non-Euclidean



Flat tori can be highly non-Euclidean

b1

b2

V (L)

<latexit sha1_base64="Om7kiv5KBcWhDa/HMLYre8+HzCM=">AAACH3icdVDLSgMxFM3UV62vUZdugq0gCGWmaFVQKLhx4aKCfWBbSiZN29BMZkjuCGXon7jxV9y4UETc9W/MtBWq6IHA4Zx7b+49Xii4BscZW6mFxaXllfRqZm19Y3PL3t6p6iBSlFVoIAJV94hmgktWAQ6C1UPFiO8JVvMGV4lfe2BK80DewTBkLZ/0JO9ySsBIbbuYu8GXuOkT6HtefD/CXtvFR7hJOwHohMw7MocFAeCUte2sk3cmwHPkxHHPiy52Z0oWzVBu25/NTkAjn0mggmjdcJ0QWjFRZppgo0wz0iwkdEB6rGGoJD7TrXhy3wgfGKWDu4EyTwKeqPMdMfG1HvqeqUzW1b+9RPzLa0TQPWvFXIYRMEmnH3UjgSHASVi4wxWjIIaGEKq42RXTPlGEgok0Y0L4vhT/T6qFvFvMH98WsqWLWRxptIf20SFy0SkqoWtURhVE0SN6Rq/ozXqyXqx362NamrJmPbvoB6zxF4kIoN0=</latexit>

L = Zb1 + · · ·+ Zbn lattice

V (L) = Voronoi cell

µ(L) = circumradius of V (L)

<latexit sha1_base64="M1d1t0hGF5ZKgBaeBFc8jqHYPsY="></latexit>

�(L) = 2 · inradius of V (L)

<latexit sha1_base64="1HOYnCXCmTO5zGqHA0zTv/mbrt0="></latexit>

L⇤ = {y 2 Rn : x · y 2 Z for all x 2 L} dual lattice



Flat tori can be highly non-Euclidean

b1

b2

V (L)

<latexit sha1_base64="Om7kiv5KBcWhDa/HMLYre8+HzCM=">AAACH3icdVDLSgMxFM3UV62vUZdugq0gCGWmaFVQKLhx4aKCfWBbSiZN29BMZkjuCGXon7jxV9y4UETc9W/MtBWq6IHA4Zx7b+49Xii4BscZW6mFxaXllfRqZm19Y3PL3t6p6iBSlFVoIAJV94hmgktWAQ6C1UPFiO8JVvMGV4lfe2BK80DewTBkLZ/0JO9ySsBIbbuYu8GXuOkT6HtefD/CXtvFR7hJOwHohMw7MocFAeCUte2sk3cmwHPkxHHPiy52Z0oWzVBu25/NTkAjn0mggmjdcJ0QWjFRZppgo0wz0iwkdEB6rGGoJD7TrXhy3wgfGKWDu4EyTwKeqPMdMfG1HvqeqUzW1b+9RPzLa0TQPWvFXIYRMEmnH3UjgSHASVi4wxWjIIaGEKq42RXTPlGEgok0Y0L4vhT/T6qFvFvMH98WsqWLWRxptIf20SFy0SkqoWtURhVE0SN6Rq/ozXqyXqx362NamrJmPbvoB6zxF4kIoN0=</latexit>

L = Zb1 + · · ·+ Zbn lattice

V (L) = Voronoi cell

µ(L) = circumradius of V (L)

<latexit sha1_base64="M1d1t0hGF5ZKgBaeBFc8jqHYPsY="></latexit>

�(L) = 2 · inradius of V (L)

<latexit sha1_base64="1HOYnCXCmTO5zGqHA0zTv/mbrt0="></latexit>

L⇤ = {y 2 Rn : x · y 2 Z for all x 2 L} dual lattice

<latexit sha1_base64="aHgOQbJzVITsu51zVEuOXBrFJGw="></latexit>

c2(Rn/L) = ⌦

✓
�(L⇤)

p
n

µ(L⇤)

◆
.

<latexit sha1_base64="LcgtEE97hS7kZYQNEeJyFqjNh9U=">AAACDXicbVA9SwNBEN3z2/gVtbRZjEKEcNwFUQsLwUYQRMFoIAlhbzOXLNm7PXbnxHDkD9j4V2wsFLG1t/PfuIkpNPHBwOO9GWbmBYkUBj3vy5manpmdm19YzC0tr6yu5dc3boxKNYcKV1LpasAMSBFDBQVKqCYaWBRIuA26pwP/9g60ESq+xl4CjYi1YxEKztBKzfxOHeEegzC77oDSELl9WjzvKCzRC6Z0iZY972CvmS94rjcEnST+iBTICJfN/Ge9pXgaQYxcMmNqvpdgI2MaBZfQz9VTAwnjXdaGmqUxi8A0suE3fbprlRYNlbYVIx2qvycyFhnTiwLbGTHsmHFvIP7n1VIMjxqZiJMUIeY/i8JUUlR0EA1tCQ0cZc8SxrWwt1LeYZpxtAHmbAj++MuT5Kbs+gfu/lW5cHI8imOBbJFtUiQ+OSQn5Ixckgrh5IE8kRfy6jw6z86b8/7TOuWMZjbJHzgf351qme4=</latexit>

Theorem. (Khot, Naor, 2006)



Flat tori can be highly non-Euclidean

b1

b2

V (L)

<latexit sha1_base64="Om7kiv5KBcWhDa/HMLYre8+HzCM=">AAACH3icdVDLSgMxFM3UV62vUZdugq0gCGWmaFVQKLhx4aKCfWBbSiZN29BMZkjuCGXon7jxV9y4UETc9W/MtBWq6IHA4Zx7b+49Xii4BscZW6mFxaXllfRqZm19Y3PL3t6p6iBSlFVoIAJV94hmgktWAQ6C1UPFiO8JVvMGV4lfe2BK80DewTBkLZ/0JO9ySsBIbbuYu8GXuOkT6HtefD/CXtvFR7hJOwHohMw7MocFAeCUte2sk3cmwHPkxHHPiy52Z0oWzVBu25/NTkAjn0mggmjdcJ0QWjFRZppgo0wz0iwkdEB6rGGoJD7TrXhy3wgfGKWDu4EyTwKeqPMdMfG1HvqeqUzW1b+9RPzLa0TQPWvFXIYRMEmnH3UjgSHASVi4wxWjIIaGEKq42RXTPlGEgok0Y0L4vhT/T6qFvFvMH98WsqWLWRxptIf20SFy0SkqoWtURhVE0SN6Rq/ozXqyXqx362NamrJmPbvoB6zxF4kIoN0=</latexit>

L = Zb1 + · · ·+ Zbn lattice

V (L) = Voronoi cell

µ(L) = circumradius of V (L)

<latexit sha1_base64="M1d1t0hGF5ZKgBaeBFc8jqHYPsY="></latexit>

�(L) = 2 · inradius of V (L)

<latexit sha1_base64="1HOYnCXCmTO5zGqHA0zTv/mbrt0="></latexit>

L⇤ = {y 2 Rn : x · y 2 Z for all x 2 L} dual lattice

<latexit sha1_base64="aHgOQbJzVITsu51zVEuOXBrFJGw="></latexit>

c2(Rn/L) = ⌦

✓
�(L⇤)

p
n

µ(L⇤)

◆
.

<latexit sha1_base64="LcgtEE97hS7kZYQNEeJyFqjNh9U=">AAACDXicbVA9SwNBEN3z2/gVtbRZjEKEcNwFUQsLwUYQRMFoIAlhbzOXLNm7PXbnxHDkD9j4V2wsFLG1t/PfuIkpNPHBwOO9GWbmBYkUBj3vy5manpmdm19YzC0tr6yu5dc3boxKNYcKV1LpasAMSBFDBQVKqCYaWBRIuA26pwP/9g60ESq+xl4CjYi1YxEKztBKzfxOHeEegzC77oDSELl9WjzvKCzRC6Z0iZY972CvmS94rjcEnST+iBTICJfN/Ge9pXgaQYxcMmNqvpdgI2MaBZfQz9VTAwnjXdaGmqUxi8A0suE3fbprlRYNlbYVIx2qvycyFhnTiwLbGTHsmHFvIP7n1VIMjxqZiJMUIeY/i8JUUlR0EA1tCQ0cZc8SxrWwt1LeYZpxtAHmbAj++MuT5Kbs+gfu/lW5cHI8imOBbJFtUiQ+OSQn5Ixckgrh5IE8kRfy6jw6z86b8/7TOuWMZjbJHzgf351qme4=</latexit>

Theorem. (Khot, Naor, 2006)

<latexit sha1_base64="CugItWH794hSUCUhSPTu8F40Z4M="></latexit>

Theorem. (Butler, 1973) 9 Ln with �(Ln)/µ(Ln) = const



Flat tori can be highly non-Euclidean

b1

b2

V (L)

<latexit sha1_base64="Om7kiv5KBcWhDa/HMLYre8+HzCM=">AAACH3icdVDLSgMxFM3UV62vUZdugq0gCGWmaFVQKLhx4aKCfWBbSiZN29BMZkjuCGXon7jxV9y4UETc9W/MtBWq6IHA4Zx7b+49Xii4BscZW6mFxaXllfRqZm19Y3PL3t6p6iBSlFVoIAJV94hmgktWAQ6C1UPFiO8JVvMGV4lfe2BK80DewTBkLZ/0JO9ySsBIbbuYu8GXuOkT6HtefD/CXtvFR7hJOwHohMw7MocFAeCUte2sk3cmwHPkxHHPiy52Z0oWzVBu25/NTkAjn0mggmjdcJ0QWjFRZppgo0wz0iwkdEB6rGGoJD7TrXhy3wgfGKWDu4EyTwKeqPMdMfG1HvqeqUzW1b+9RPzLa0TQPWvFXIYRMEmnH3UjgSHASVi4wxWjIIaGEKq42RXTPlGEgok0Y0L4vhT/T6qFvFvMH98WsqWLWRxptIf20SFy0SkqoWtURhVE0SN6Rq/ozXqyXqx362NamrJmPbvoB6zxF4kIoN0=</latexit>

L = Zb1 + · · ·+ Zbn lattice

V (L) = Voronoi cell

µ(L) = circumradius of V (L)

<latexit sha1_base64="M1d1t0hGF5ZKgBaeBFc8jqHYPsY="></latexit>

�(L) = 2 · inradius of V (L)

<latexit sha1_base64="1HOYnCXCmTO5zGqHA0zTv/mbrt0="></latexit>

L⇤ = {y 2 Rn : x · y 2 Z for all x 2 L} dual lattice

<latexit sha1_base64="aHgOQbJzVITsu51zVEuOXBrFJGw="></latexit>

c2(Rn/L) = ⌦

✓
�(L⇤)

p
n

µ(L⇤)

◆
.

<latexit sha1_base64="LcgtEE97hS7kZYQNEeJyFqjNh9U=">AAACDXicbVA9SwNBEN3z2/gVtbRZjEKEcNwFUQsLwUYQRMFoIAlhbzOXLNm7PXbnxHDkD9j4V2wsFLG1t/PfuIkpNPHBwOO9GWbmBYkUBj3vy5manpmdm19YzC0tr6yu5dc3boxKNYcKV1LpasAMSBFDBQVKqCYaWBRIuA26pwP/9g60ESq+xl4CjYi1YxEKztBKzfxOHeEegzC77oDSELl9WjzvKCzRC6Z0iZY972CvmS94rjcEnST+iBTICJfN/Ge9pXgaQYxcMmNqvpdgI2MaBZfQz9VTAwnjXdaGmqUxi8A0suE3fbprlRYNlbYVIx2qvycyFhnTiwLbGTHsmHFvIP7n1VIMjxqZiJMUIeY/i8JUUlR0EA1tCQ0cZc8SxrWwt1LeYZpxtAHmbAj++MuT5Kbs+gfu/lW5cHI8imOBbJFtUiQ+OSQn5Ixckgrh5IE8kRfy6jw6z86b8/7TOuWMZjbJHzgf351qme4=</latexit>

Theorem. (Khot, Naor, 2006)

<latexit sha1_base64="TUGXKkXKW8G0d477z9tZA1ejNAw="></latexit>

Corollary. c2(Rn/Ln) = ⌦(
p
n)

<latexit sha1_base64="CugItWH794hSUCUhSPTu8F40Z4M="></latexit>

Theorem. (Butler, 1973) 9 Ln with �(Ln)/µ(Ln) = const



More about Euclidean embeddings of flat tori



<latexit sha1_base64="hJeAU3xkwcEJ1Ls/2f+GLOkLmTI="></latexit>

c2(Rn/L) � �(L⇤)µ(L)

4
p
n

,
<latexit sha1_base64="LC9xkrgVzbNfjQZLZ/q2RhGuFIE=">AAACDXicbVC7SgNBFJ2NrxhfUUubwShYSNgNohYWAZuUUfKCJITZyd1kyOyDmbvBsOQHbPwVGwtFbO3t/Bsnj0ITD1zu4Zx7mbnHjaTQaNvfVmpldW19I72Z2dre2d3L7h/UdBgrDlUeylA1XKZBigCqKFBCI1LAfFdC3R3cTvz6EJQWYVDBUQRtn/UC4QnO0Eid7EkL4QFdL6n0IVTg58e0xIZieE7voQemFWzH7mRzdt6egi4TZ05yZI5yJ/vV6oY89iFALpnWTceOsJ0whYJLGGdasYaI8QHrQdPQgPmg28n0mjE9NUqXeqEyFSCdqr83EuZrPfJdM+kz7OtFbyL+5zVj9K7biQiiGCHgs4e8WFIM6SQa2hUKOMqRIYwrYf5KeZ8pxtEEmDEhOIsnL5NaIe9c5i/uCrnizTyONDkix+SMOOSKFEmJlEmVcPJInskrebOerBfr3fqYjaas+c4h+QPr8wddX5pp</latexit>

Theorem. Haviv, Regev, 2010

More about Euclidean embeddings of flat tori



<latexit sha1_base64="hJeAU3xkwcEJ1Ls/2f+GLOkLmTI="></latexit>

c2(Rn/L) � �(L⇤)µ(L)

4
p
n

,
<latexit sha1_base64="LC9xkrgVzbNfjQZLZ/q2RhGuFIE=">AAACDXicbVC7SgNBFJ2NrxhfUUubwShYSNgNohYWAZuUUfKCJITZyd1kyOyDmbvBsOQHbPwVGwtFbO3t/Bsnj0ITD1zu4Zx7mbnHjaTQaNvfVmpldW19I72Z2dre2d3L7h/UdBgrDlUeylA1XKZBigCqKFBCI1LAfFdC3R3cTvz6EJQWYVDBUQRtn/UC4QnO0Eid7EkL4QFdL6n0IVTg58e0xIZieE7voQemFWzH7mRzdt6egi4TZ05yZI5yJ/vV6oY89iFALpnWTceOsJ0whYJLGGdasYaI8QHrQdPQgPmg28n0mjE9NUqXeqEyFSCdqr83EuZrPfJdM+kz7OtFbyL+5zVj9K7biQiiGCHgs4e8WFIM6SQa2hUKOMqRIYwrYf5KeZ8pxtEEmDEhOIsnL5NaIe9c5i/uCrnizTyONDkix+SMOOSKFEmJlEmVcPJInskrebOerBfr3fqYjaas+c4h+QPr8wddX5pp</latexit>

Theorem. Haviv, Regev, 2010

<latexit sha1_base64="aHgOQbJzVITsu51zVEuOXBrFJGw="></latexit>

c2(Rn/L) = ⌦

✓
�(L⇤)

p
n

µ(L⇤)

◆
.

<latexit sha1_base64="leug/q6AVH0DnELFFp147QDGQDI=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFclZki6sJFwY3LCvYB7VAy6W0bmkyGJFMpYz/FjQtF3Pol7vwbM+0stPVAyOGce29uThhzpo3nfTtr6xubW9uFneLu3v7BoVs6amqZKAoNKrlU7ZBo4CyChmGGQztWQETIoRWObzO/NQGlmYwezDSGQJBhxAaMEmOlnltiIlZyAgIig+2tcM8texVvDrxK/JyUUY56z/3q9iVNsgmUE607vhebICXKMMphVuwmGmJCx2QIHUsjIkAH6Xz1GT6zSh8PpLLHbjBXf3ekRGg9FaGtFMSM9LKXif95ncQMroOURXFiIKKLhwYJx0biLAfcZwqo4VNLCFXM7orpiChCjU2raEPwl7+8SprVin9Zubivlms3eRwFdIJO0Tny0RWqoTtURw1E0SN6Rq/ozXlyXpx352NRuubkPcfoD5zPH1dNlAg=</latexit>

improvement over

<latexit sha1_base64="2ZJ6NY60reHk3JnyfInSeHudVCs="></latexit>

because µ(L) = ⌦(
p
n(vol L)1/n)

<latexit sha1_base64="wetjr48K5Lw2nvtnfvLGnLX4NN4=">AAACE3icbVC7TgJBFJ3FF+ILtbSZCCZAQXaJUQsLEhsLEzGRRwJIZocLTJiZXWdmTQjhH2z8FRsLjbG1sfNvHB6FgieZzMk59+bee/yQM21c99uJLS2vrK7F1xMbm1vbO8ndvYoOIkWhTAMeqJpPNHAmoWyY4VALFRDhc6j6/YuxX30ApVkgb80ghKYgXck6jBJjpVYy5wMlkQacbogoc5XFk+8uZ0kX7nHjWkCXZGQ2nUi0kik3706AF4k3Iyk0Q6mV/Gq0AxoJkIZyonXdc0PTHBJlGOUwSjTs3JDQPulC3VJJBOjmcHLTCB9ZpY07gbJPGjxRf3cMidB6IHxbKYjp6XlvLP7n1SPTOWsOmQwjA5JOB3Uijk2AxwHhNlNADR9YQqhidldMe0QRamyM4xC8+ZMXSaWQ907yxzeFVPF8FkccHaBDlEEeOkVFdIlKqIwoekTP6BW9OU/Oi/PufExLY86sZx/9gfP5A7pkmt8=</latexit>

because µ(L)µ(L⇤) � ⌦(n)

More about Euclidean embeddings of flat tori



<latexit sha1_base64="hJeAU3xkwcEJ1Ls/2f+GLOkLmTI="></latexit>

c2(Rn/L) � �(L⇤)µ(L)

4
p
n

,
<latexit sha1_base64="LC9xkrgVzbNfjQZLZ/q2RhGuFIE=">AAACDXicbVC7SgNBFJ2NrxhfUUubwShYSNgNohYWAZuUUfKCJITZyd1kyOyDmbvBsOQHbPwVGwtFbO3t/Bsnj0ITD1zu4Zx7mbnHjaTQaNvfVmpldW19I72Z2dre2d3L7h/UdBgrDlUeylA1XKZBigCqKFBCI1LAfFdC3R3cTvz6EJQWYVDBUQRtn/UC4QnO0Eid7EkL4QFdL6n0IVTg58e0xIZieE7voQemFWzH7mRzdt6egi4TZ05yZI5yJ/vV6oY89iFALpnWTceOsJ0whYJLGGdasYaI8QHrQdPQgPmg28n0mjE9NUqXeqEyFSCdqr83EuZrPfJdM+kz7OtFbyL+5zVj9K7biQiiGCHgs4e8WFIM6SQa2hUKOMqRIYwrYf5KeZ8pxtEEmDEhOIsnL5NaIe9c5i/uCrnizTyONDkix+SMOOSKFEmJlEmVcPJInskrebOerBfr3fqYjaas+c4h+QPr8wddX5pp</latexit>

Theorem. Haviv, Regev, 2010

<latexit sha1_base64="aHgOQbJzVITsu51zVEuOXBrFJGw="></latexit>

c2(Rn/L) = ⌦

✓
�(L⇤)

p
n

µ(L⇤)

◆
.

<latexit sha1_base64="leug/q6AVH0DnELFFp147QDGQDI=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFclZki6sJFwY3LCvYB7VAy6W0bmkyGJFMpYz/FjQtF3Pol7vwbM+0stPVAyOGce29uThhzpo3nfTtr6xubW9uFneLu3v7BoVs6amqZKAoNKrlU7ZBo4CyChmGGQztWQETIoRWObzO/NQGlmYwezDSGQJBhxAaMEmOlnltiIlZyAgIig+2tcM8texVvDrxK/JyUUY56z/3q9iVNsgmUE607vhebICXKMMphVuwmGmJCx2QIHUsjIkAH6Xz1GT6zSh8PpLLHbjBXf3ekRGg9FaGtFMSM9LKXif95ncQMroOURXFiIKKLhwYJx0biLAfcZwqo4VNLCFXM7orpiChCjU2raEPwl7+8SprVin9Zubivlms3eRwFdIJO0Tny0RWqoTtURw1E0SN6Rq/ozXlyXpx352NRuubkPcfoD5zPH1dNlAg=</latexit>

improvement over

<latexit sha1_base64="2ZJ6NY60reHk3JnyfInSeHudVCs="></latexit>

because µ(L) = ⌦(
p
n(vol L)1/n)
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Want: similar SDP for flat torus
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z : L⇤ ! C :

X

u2L⇤

|z(u)| < 1
)
.
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A feasible solution of the above minimization problem (C, z) determines a Eu-

clidean embedding ' of Rn/L with distortion 
p
C by

' : Rn/L ! `2(L⇤
), x 7!

⇣p
z(u)e2⇡iu

Tx
⌘

u2L⇤
,

with complex Hilbert space

`2(L⇤
) =

8
<

:z : L⇤ ! C :

 
X

u2L⇤

|z(u)|2
!1/2

< 1

9
=

; .
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�
C : C 2 R+, z 2 `1(L⇤), z(u) = z(�u) � 0 for all u 2 L⇤,

|x|2  2
X

u2L⇤

z(u)(1� cos(2⇡uTx)) for all x 2 V (L)

CI � 4⇡2
X

u2L⇤

z(u)uuT 2 Sn
+

 
.

primal SDP

dual SDP
<latexit sha1_base64="U0b8gyVXYEc+VJKsIYiSiedPd4w="></latexit>

c2(Rn/L)2 = sup
�
2⇡2

Z

V (L)
|x|2 d⌫(x) :

⌫ 2 M+(V (L)), Y 2 Sn
+,Tr(Y ) = 1,

Z

V (L)
(1� cos(2⇡uTx)) d⌫(x)  uTY u for all u 2 L⇤ 

<latexit sha1_base64="B9MeehnCGtuByGnMZfTA7ItmkNM="></latexit>

M+(V (L)) is the cone of Borel measures on V (L)
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<latexit sha1_base64="AhAC0A4kUyTfIJvYvx+RsZFEedM="></latexit>

Theorem. Let L be an n-dimensional lattice, then

c2(Rn/L) � ⇡�(L⇤)µ(L)p
n

.



First application: Constant factor improvement of lower bound

<latexit sha1_base64="AhAC0A4kUyTfIJvYvx+RsZFEedM="></latexit>

Theorem. Let L be an n-dimensional lattice, then

c2(Rn/L) � ⇡�(L⇤)µ(L)p
n

.

<latexit sha1_base64="h3SVmlwZ+00hAc/pqHUy5CYx4jw="></latexit>

Proof. Let y be a vertex of the Voronoi cell V (L) which realizes the covering
radius, that is |y| = µ(L).

Choose ⌫ = �(L⇤)2

2n �y to be a point measure supported at y and set Y = 1
nI.

Then (Y, ⌫) is feasible for dual.
<latexit sha1_base64="U0b8gyVXYEc+VJKsIYiSiedPd4w="></latexit>

c2(Rn/L)2 = sup
�
2⇡2

Z

V (L)
|x|2 d⌫(x) :

⌫ 2 M+(V (L)), Y 2 Sn
+,Tr(Y ) = 1,

Z

V (L)
(1� cos(2⇡uTx)) d⌫(x)  uTY u for all u 2 L⇤ 



Second application: Least distortion embedding of standard torus

<latexit sha1_base64="46SkFaChdZEczvwGDplFUS/Wezs="></latexit>

'(x1, . . . , xn) = (cos 2⇡x1, sin 2⇡x1, . . . , cos 2⇡xn, sin 2⇡xn).

<latexit sha1_base64="dbX0H958PiQlE23dmomXAMR4lWo="></latexit>

' : Rn/Zn ! R2n
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<latexit sha1_base64="iOxuxDBo/RR/sWP/Id5uzhl+Wxs=">AAACCHicbVC7TsNAEDyHVwgvAyUFJxIkqsiOEFCAFImGgiJI5CGSEJ0v5+SU89m6WyNFVkoafoWGAoRo+QQ6/gbbcQEJU41mdrWz4wSCa7CsbyO3sLi0vJJfLaytb2xumds7De2HirI69YWvWg7RTHDJ6sBBsFagGPEcwZrO6DLxmw9Mae7LWxgHrOuRgeQupwRiqWfuc42BD4aAXV/h0jW+wB2PwNBxorvJvSz1zKJVtlLgeWJnpIgy1HrmV6fv09BjEqggWrdtK4BuRBRwKtik0Ak1CwgdkQFrx1QSj+lulD4ywYex0k+TuL4EnKq/NyLiaT32nHgyCalnvUT8z2uH4J51Iy6DEJik00NuKDD4OGkF97liFMQ4JoQqHmfFdEgUoRB3V4hLsGdfnieNStk+KR/fVIrV86yOPNpDB+gI2egUVdEVqqE6ougRPaNX9GY8GS/Gu/ExHc0Z2c4u+gPj8we0Pph+</latexit>

is tight for L = Zn

<latexit sha1_base64="dg2bvOE0FWMBaW+I9Ft/+RXP6kQ="></latexit>

c2(Rn/L) � ⇡�(L⇤)µ(L)p
n

<latexit sha1_base64="xvzdkCxG9wkhoBW5FyD2vcrzptY=">AAACKXicbVDLSgMxFM3UV62vUZdugh2hbupMKepCoeDGZQX7wE4tmUxaQ5PMmGSEMvR33PgrbhQUdeuPmD4W2nogcDjnXHLvCWJGlXbdTyuzsLi0vJJdza2tb2xu2ds7dRUlEpMajlgkmwFShFFBappqRpqxJIgHjDSC/sXIbzwQqWgkrvUgJm2OeoJ2KUbaSB274vjMpENU8DnSd0GQ3gxvxSE8h54DkQih4/NkzvPVvdSpOCoPnY6dd4vuGHCeeFOSB1NUO/arH0Y44URozJBSLc+NdTtFUlPMyDDnJ4rECPdRj7QMFYgT1U7Hlw7hgVFC2I2keULDsfp7IkVcqQEPTHK0spr1RuJ/XivR3dN2SkWcaCLw5KNuwqCO4Kg2GFJJsGYDQxCW1OwK8R2SCGtTbs6U4M2ePE/qpaJ3XCxflfKVs2kdWbAH9kEBeOAEVMAlqIIawOARPIM38G49WS/Wh/U1iWas6cwu+APr+wcho6S2</latexit>

�(Zn) = 1 and µ(Zn) =
p
n/4

<latexit sha1_base64="TNf9eNOAG3cnRPxvej5PBv0y8vA="></latexit>

Theorem. c2(Rn/Zn) = ⇡/2

<latexit sha1_base64="46SkFaChdZEczvwGDplFUS/Wezs="></latexit>

'(x1, . . . , xn) = (cos 2⇡x1, sin 2⇡x1, . . . , cos 2⇡xn, sin 2⇡xn).

<latexit sha1_base64="dbX0H958PiQlE23dmomXAMR4lWo="></latexit>

' : Rn/Zn ! R2n
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Third application: Least distortion embedding of 2-d flat tori

<latexit sha1_base64="eqvKmt8mcxRH9n5HhQmDK8Lgq/E="></latexit>

Suppose 9 u1, . . . , uk 2 L⇤, z1, . . . , zk � 0 such that
Pk

i=1 ziuiu>
i = I.

<latexit sha1_base64="a69CdyPdXvEmnEhpAcXS1xupPeM="></latexit>

Then
' : Rn

/L ! Ck
, H(x)r = (2⇡2

Dzre
2i⇡u>

r x)

with

D = max
V (L)\{0}

|x|2
Pk

i=1 zi(1� cos(2⇡u>
i x))

has distortion
p
2⇡2D.

<latexit sha1_base64="A6njWzyQ+FtOzFw+gDh3aHPefnw="></latexit>

If L is two-dimensional, then ' has least distortion.

<latexit sha1_base64="8NEB02HoeCH4YzUAgR0Q5z5QFRA=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRbBU0iKqAcPBS8eK/QL2lA220m7dPPB7kQtsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8xPBFTrOt1FYW9/Y3Cpul3Z29/YPzPJhS8WpZNBksYhlx6cKBI+giRwFdBIJNPQFtP3xzcxv34NUPI4aOEnAC+kw4gFnFLXUN8s9hEf0g6wxglhCaE/7ZsWxnTmsVeLmpEJy1PvmV28QszSECJmgSnVdJ0EvoxI5EzAt9VIFCWVjOoSuphENQXnZ/PSpdaqVgRXEUleE1lz9PZHRUKlJ6OvOkOJILXsz8T+vm2Jw5WU8SlKEiC0WBamwMLZmOVgDLoGhmGhCmeT6VouNqKQMdVolHYK7/PIqaVVt98I+v6tWatd5HEVyTE7IGXHJJamRW1InTcLIA3kmr+TNeDJejHfjY9FaMPKZI/IHxucPoOqUOQ==</latexit>

Theorem.



Third application: Least distortion embedding of 2-d flat tori

Drawback: somewhat indirect,  seems hard to determine.D
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Then
' : Rn
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Dzre
2i⇡u>

r x)

with
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V (L)\{0}
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Pk

i=1 zi(1� cos(2⇡u>
i x))

has distortion
p
2⇡2D.
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1. We do not understand most contracted pairs.

<latexit sha1_base64="UlHi5+GqWLJ2aYzo2HDuc3PpOXo=">AAACHXicbVDNSgMxGMzWv1r/Vj16CbaCgpTdUtSDB8GLx4q2FtqlZNNvbTCbLElWXYov4sVX8eJBEQ9exLcxW3tQ60BgMvMNyTdhwpk2nvfpFKamZ2bnivOlhcWl5RV3da2lZaooNKnkUrVDooEzAU3DDId2ooDEIYeL8Oo49y+uQWkmxbnJEghicilYxCgxVuq59TOAWGMjcQi4su3tZjsVfDMAZW9ZBduogVssI9ySSgrJMAXOe27Zq3oj4Enij0kZjdHoue/dvqRpDMJQTrTu+F5igiFRhlEOd6VuqiEh9IpcQsdSQWLQwXC03R3eskofR1LZIwweqT8TQxJrncWhnYyJGei/Xi7+53VSEx0EQyaS1ICg3w9FKc/LyKvCfaaAGp5ZQqhi9q+YDogi1NhCS7YE/+/Kk6RVq/p71fpprXx0OK6jiDbQJtpGPtpHR+gENVATUXSPHtEzenEenCfn1Xn7Hi0448w6+gXn4wuNM5/E</latexit>

Seems to be (0, y) where y vertex of Voronoi cell

<latexit sha1_base64="2S6JM2IWj8FuJQ30fQVEsCDjEQA="></latexit>

|x|2  2
X

u2L⇤

z(u)(1� cos(2⇡uTx)) for all x 2 V (L)
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2. We do not understand the optimal Hilbert space 
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optimal ' : Rn/L ! l2(L⇤) seems to be a finite-dimensional embedding

2. We do not understand the optimal Hilbert space 
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Seems to be (0, y) where y vertex of Voronoi cell
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u2L⇤

z(u)(1� cos(2⇡uTx)) for all x 2 V (L)

<latexit sha1_base64="YnWWmvaI0J60w4ieKC0QQQ585Bc="></latexit>

optimal ' : Rn/L ! l2(L⇤) seems to be a finite-dimensional embedding

2. We do not understand the optimal Hilbert space 

If both are true: SDP perspective would provide a finite algorithm 


