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» Minimum number of crossings? (Turdn, 1940s)

» cr(Kmn) = L@J L%J” (Zarankiewicz's conjecture, 1956)



Overview

Compute lower bounds on cr(Kpm. ).
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Overview

Compute lower bounds on cr(Kp, ).

» Quadratic programming bound g, by De Klerk, Maharry, Pasechnik,
Richter, Salazar (2006), and semidefinite relaxation ap,.

» With Daniel Brosch, we compute g using the full symmetry.
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bound
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n | known bound | Z(n, n)
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Overview

Compute lower bounds on cr(Kp, ).

» Quadratic programming bound g, by De Klerk, Maharry, Pasechnik,
Richter, Salazar (2006), and semidefinite relaxation ap,.

» With Daniel Brosch, we compute g using the full symmetry.

best lower new
bound
previously lower
n | known bound | Z(n, n)
0 10 384 | 388 400
— . 11 581 589 625
12 846 865 900
O 13 1192 1229 1296

New lower bounds on cr(Kp, )

> We also give a lower bound 3, on ap, and compute it for m < 13.
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Cyclic orders

Let {1,...,m} and {b1,..., by} be the sides of the bipartition of Ky, ,.
Given a drawing of Ky, , define for each vertex b;:

v(b;) := the cyclic order in which edges from b; go to {1,...,m}

Figure: v(by) = (14523).

4/14



Cyclic orders

Lemma (Kleitman; 1970, Woodall; 1993)

#crossings of edges incident with b; and b; >
min. #swaps of adjacent elements of v(b;) to change v(b;) into v(b;) L.
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Cyclic orders

Lemma (Kleitman; 1970, Woodall; 1993)

#crossings of edges incident with b; and b; >
min. #swaps of adjacent elements of v(b;) to change v(b;) into v(b;) L.

Example

Figure: y(by) = (12345) and ~(by)~! = (14523) ! = (13254).
Min. #swaps of adjacent elements of v(b,) to change ~y(by) into y(by)~! is 2.
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Lower bound on crossing number

Let Z,, be the set of m-cycles, and let Q € RZm*Zm \ith
Qo7 := min. #swaps of adjacent elements of o to change o into L.

Lower bound: cr(Kp, n) > Zi<j Q@(b;)~(b;) for v from optimal drawing.
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Lower bound on crossing number

Let Z,, be the set of m-cycles, and let Q € RZm*Zm \ith

Qo7 := min. #swaps of adjacent elements of o to change o into L.

Lower bound: cr(Kp, n) > Zi<j Q@(b;)~(b;) for v from optimal drawing.

Theorem (de Klerk, Maharry, Pasechnik, Richter, Salazar; 2006)

Define gp := min {XTQX | x € Ri’a, 1Tx = 1}. Then

cr(Km,n) > %nzqm —2n|3(m— 1)2] for all m, n.

Semidefinite relaxation v, of g,

m > am:=min{{X,Q)| X € RZ’"XZ’" (X,J) =1, X positive semidefinite}.
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Exploiting symmetry for computing a,

Let Gy := Sm x {—1,4+1}. Then Gy, acts on Z,, via

(m,e)-0 =mo"n L, for (me) € Gy and o € Zp,.
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Restriction of search space: find X in algebra of Gp,-invariant matrices.
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Exploiting symmetry for computing a,
Let Gy := Sm x {—1,4+1}. Then Gy, acts on Z,, via

(m,e)-0 =mo"n L, for (me) € Gy and o € Zp,.

Crucial fact

Restriction of search space: find X in algebra of Gp,-invariant matrices.

There exists a block-diagonalization of this algebra. (Artin-Wedderburn)
N_B
m | (m—1)"' [ > m? | max block size
7 720 78 3
8 5040 380 7
9 40320 2438 12
10 362880 | 18744 38
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Group invariance and Artin-Wedderburn

Let G be a finite group acting on a finite set Z. Decompose

k m;
cr - DDV

i=1 j=1

for irreducible G-modules V;; with V;; = Vj, i iff i = i
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Group invariance and Artin-Wedderburn

Let G be a finite group acting on a finite set Z. Decompose
k mj
- DD v
i=1 j=1

for irreducible G-modules V;; with V;; = Vj, i iff i = i’. Choose nonzero
uij € Vijst. Vielk],j,j €[m] thereis a G-isomorphism V;; — Vi
mapping u;j to u; jr.
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Group invariance and Artin-Wedderburn

Let G be a finite group acting on a finite set Z. Decompose
k mj
- DD v
i=1 j=1

for irreducible G-modules V;; with V;; = Vj, i iff i = i’. Choose nonzero
uij € Vijst. Vielk],j,j €[m] thereis a G-isomorphism V;; — Vi
mapping u;; to u;j. Define

G k
o - <CZxZ) %@Cm%mi?
i=1

k
A @ UFAU;,  where Ui := (u;j|j € [mi]).
i=1

For all A€ ((CZXZ)G we have A > 0 <= ¢(A) = 0.
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Symmetry reduction for a,

Surjective S,,-homomorphism

f: ME™) - C%n,

7+ indicator vector in C%" of (i - im).
B

Im

1. Decompose permutation module MQA") for S , results in vectors u; ;.
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Symmetry reduction for a,

Surjective S,,-homomorphism

f: M) 5 Com,
7+ indicator vector in C%" of (i - im).
i
T
Decompose permutation module MQA") for S , results in vectors u; ;.
2. For each i, take a minimal spanning set among the f(u; ;) (j € [mj]).

~> reduction for S, acting on Cém.
» See thesis Daniel Brosch: faster decomposition of modules M* /F.
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Symmetry reduction for a,

Surjective S,,-homomorphism

f: M) — 2,

7+ indicator vector in C%" of (i - im).

2

im

—

Decompose permutation module MQA") for S , results in vectors u; ;.
2. For each i, take a minimal spanning set among the f(u; ;) (j € [mj]).
~> reduction for S, acting on Cém.

» See thesis Daniel Brosch: faster decomposition of modules M* /F.

3. Reduce further with inversion ({£1})-action, splits each block in 2.
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» De Klerk, Maharry, Pasechnik, Richter, Salazar (2006) compute a.

» Dobre and Vera (2015) compute a better bound on g7.

» De Klerk, Pasechnik, Schrijver (2007) compute ag and ag, with a
symmetry reduction using the regular representation.

— (Zm X Zm)/Gml
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» De Klerk, Maharry, Pasechnik, Richter, Salazar (2006) compute a.

» Dobre and Vera (2015) compute a better bound on g7.

» De Klerk, Pasechnik, Schrijver (2007) compute ag and ag, with a
symmetry reduction using the regular representation.

— (Zm X Zm)/Gml

» With Daniel Brosch, we compute a9 using the full symmetry.

]

N B | m=1(Zn X Zn)/Gnl

> We also give a lower bound 3, on a,, and compute it for m < 13.
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The relaxation 3,

L[]

A=(m-2,1,1)

Requiring only one specific block of size L'"T_IJ to be PSD gives a good
lower bound on a,.
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The relaxation 3,

L[]

A=(m—-2,1,1)

Requiring only one specific block of size L'"T_IJ to be PSD gives a good

lower bound on a,.

» Dual of §,,: few variables, small matrix block, many linear constraints.

> We solve the program without constraints, and iteratively add the
most violated constraint until all constraints are satisfied.
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Computational results

Theorem (Brosch, P.; 2022+)

cr(Kio.n) > 4.8345n% — 10n, bl | new
" previously lower
cr(Ki1,n) > 5.9088n% — 12.2222n, n | known | bound | Z(n,n)
10 384 | 388 400
cr(Kia,n) > 7.0906n° — 14.6666n, 11 581 | 589 625
12 846 | 865 900
cr(Kiz,n) > 8. 3798n° — 17.3333n. 13 1192 | 1229 1296

Table: New bounds on cr(Kh,»)
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Computational results

Theorem (Brosch, P.; 2022+)

cr(Kio.n) > 4.8705n% — 10n, pest lower | new
' previously lower
cr(Ki1,n) > 5. 9993n° — 12. 5n, n_| known bound | Z(n, n)
’ 10 384 | 388 400
cr(Kio,n) > 7. 2557n? — 15n, 11 581 | 589 625
12 846 | 865 900
cr(Kis,») > 8.6567n° — 18n. 13 1102 | 1229 | 1296

Table: New bounds on cr(Kh,»)
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Computational results

Theorem (Brosch, P.; 2022+)

cr(Kio,n) > 4.8705n* — 10n, e " new
previously
cr(Kitn) > 5.9993n — 12.5n, n | known | bound | Z(n,n)
’ 10 384 | 388 400
cr(Kia,n) > 7.2557n — 15n, 11 581 | 589 | 625
) 12 846 | 865 900
cr(Kiz,n) > 8.6567n" — 18n. 13 1102 | 1229 | 1296

Table: New bounds on cr(Kh,»)

NN

‘Q"" 20N

b

A

cr(Kk7,,)(',’(7)
(%73)

~> lower bounds on cr(Kp, ) for m > 13.

cr(Km,n) >
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Asymptotic results

Lemma (de Klerk, Maharry, Pasechnik, Richter, Salazar; 2006)

8ay 8Bk
k(k—1) k(k—1)

k

7 | 0.8303 | 0.8210

8 | 0.8371 | 0.8326
9 | 0.8595 | 0.8503

10 | 0.8659 | 0.8610

11 0.8726
12 0.8794
13 0.8878

NB: Norin and Zwols claim lim,_,c =

0.9

0.8

0.7

Z(n,

fe) > 0.905.

|

8 10 12

k —

(2013, unpublished)
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Asymptotic results

Lemma (de Klerk, Maharry, Pasechnik, Richter, Salazar; 2006)

8ay 8Bk
k(k—1) k(k—1)

k

7 | 0.8303 | 0.8210

8 | 0.8371 | 0.8326
9 | 0.8595 | 0.8503

10 | 0.8659 | 0.8610

11 0.8726
12 0.8794
13 0.8878

NB: Norin and Zwols claim lim,_, Z(( .n) > 0.905.

Lemma (Brosch, P.; 2022—|—)

(Km,n)

> 0.887
S ) 2 08878

0.9 |-

0.8

0.7

|

8 10 12

k —

(2013, unpublished)

for each m > 13.
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» Semidefinite programming gives good lower bounds on cr(Kp n).

best lower new
bound
previously lower
n | known bound | Z(n,n)
10 384 388 400 N D
11 581 | 589 625 -
12 846 865 900 (&)
13 1192 1229 1296

New lower bounds on cr(Kp,n)
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» Semidefinite programming gives good lower bounds on cr(Kp n).

» Key contributions: symmetry reduction and new relaxation (,, of am,.
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» Semidefinite programming gives good lower bounds on cr(Kp n).
» Key contributions: symmetry reduction and new relaxation (,, of am,.

» Advantage of approach: only based on m-cycles.

best lower new
bound
previously lower
n | known bound | Z(n,n)
10 384 388 400 N D
11 581 | 589 625 -
12 846 865 900 (&)
13 1192 1229 1296

New lower bounds on cr(Kp,n)
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» Semidefinite programming gives good lower bounds on cr(Kp n).
» Key contributions: symmetry reduction and new relaxation (,, of am,.
» Advantage of approach: only based on m-cycles.

» Possible to give optimum solution to S, analytically?

best lower new
bound
previously lower
n | known bound | Z(n,n)
10 384 388 400 N D
11 581 | 589 625 -
12 846 865 900 (&)
13 1192 1229 1296

New lower bounds on cr(Kp,n)
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The relaxation 3,,: structure in the solutions?

The dual of 3,

—1 —1
Bm=max{t : Y eR"Z X721 v =0,

Vw € (Zm X Zm)/Gm = (Y, AL) + |w|t < |w|qw},
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The relaxation 3,,: structure in the solutions?
The dual of 3,

il ~1
Bm=max{t : Y eR"Z X721 v =0,

Yw € (Zm X Zm)/Gm : (Y, Au) + w|t < |w|qw},
where q,, := Q,; for any (0,7) € w, and A, := U] (Z(JJ)EM Ea,7> Uy.

1%
vo Vi 13

0.0 L \ \ \ \ \
1 2 3 4 5 6

Vectors v, such that optimal Y = ﬁvmv;. /
15/14



Lower bound on crossing number

Let Z,, be the set of m-cycles, and let Q € RZm*Zm \ith
(s, 1= min. #swaps of adjacent elements to change o into L.

Lower bound: cr(Kim,n) > > Qy(b;) () for 7 from optimal drawing.

16/ 14



Lower bound on crossing number

Let Z,, be the set of m-cycles, and let Q € RZm*Zm \ith

(s, 1= min. #swaps of adjacent elements to change o into L.

Lower bound: cr(Kim,n) > > ;; Qy(b;)~(t;) for 7 from optimal drawing.
Fact: Qur = |3(m—1)?| forall o € Z,,.

16/ 14



Lower bound on crossing number

Let Z,, be the set of m-cycles, and let Q € RZm*Zm \ith

(s, 1= min. #swaps of adjacent elements to change o into L.

Lower bound: cr(Kp n) > Z,-<j Q- (b;)1(b;) for v from optimal drawing.
Fact: Qur = |3(m—1)?| forall o € Z,,.

Theorem (de Klerk, Maharry, Pasechnik, Richter, Salazar; 2006)

Define g, := min {XTQX | x € Rgg, 17x = 1}. Then

cr(Km,n) > %nzqm — 2n|3(m— 1)2] for all m, n.

16/ 14



Lower bound on crossing number

Let Z,, be the set of m-cycles, and let Q € RZm*Zm \ith

(s, 1= min. #swaps of adjacent elements to change o into L.

Lower bound: cr(Kp n) > Zi<j Q- (b;)1(b;) for v from optimal drawing.
Fact: Qur = |3(m—1)?| forall o € Z,,.

Theorem (de Klerk, Maharry, Pasechnik, Richter, Salazar; 2006)

Define g, := min {XTQX | x € Rgg, 17x = 1}. Then

cr(Km,n) > %nzqm — 2n|3(m— 1)2] for all m, n.

Proof. Given an optimal drawing, let ¢ € R with ¢, := #{b; : v(b;) = o}.

16/ 14



Lower bound on crossing number

Let Z,, be the set of m-cycles, and let Q € RZm*Zm \ith

(s, 1= min. #swaps of adjacent elements to change o into L.

Lower bound: cr(Kp n) > Zi<j Q- (b;)1(b;) for v from optimal drawing.

Fact: Qur = |3(m—1)?| forall o € Z,,.

Theorem (de Klerk, Maharry, Pasechnik, Richter, Salazar; 2006)

Define g, := min {XTQX | x € Rgg, 17x = 1}. Then

cr(Km,n) > %nzqm — 2n|3(m— 1)2] for all m, n.

Proof. Given an optimal drawing, let ¢ € R%™ with ¢, := #{b; : v(b;) = 0}
Then x := n~Lc is feasible for gp,, so

16/ 14



Lower bound on crossing number

Let Z,, be the set of m-cycles, and let Q € RZm*Zm \ith

(s, 1= min. #swaps of adjacent elements to change o into L.

Lower bound: cr(Kp n) > Zi<j Q- (b;)1(b;) for v from optimal drawing.

Fact: Qur = |3(m—1)?| forall o € Z,,.

Theorem (de Klerk, Maharry, Pasechnik, Richter, Salazar; 2006)

Define g, := min {XTQX | x € Rgg, 17x = 1}. Then

cr(Km,n) > %nzqm — 2n|3(m— 1)2] for all m, n.

Proof. Given an optimal drawing, let ¢ € R%™ with ¢, := #{b; : v(b;) = 0}
Then x := n~Lc is feasible for gp,, so

n’gm < n°x' Qx = ¢' Qc

16/ 14



Lower bound on crossing number

Let Z,, be the set of m-cycles, and let Q € RZm*Zm \ith
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2 2T T n
n“gm < n°x Qx =c Qc= Za,rezm CrCr Qor :Zhj:l Q1) 1(by)
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Lower bound on crossing number

Let Z,, be the set of m-cycles, and let Q € RZm*Zm \ith

(s, 1= min. #swaps of adjacent elements to change o into L.

Lower bound: cr(Kp n) > Zi<j Q- (b;)1(b;) for v from optimal drawing.
Fact: Qur = |3(m—1)?| forall o € Z,,.

Theorem (de Klerk, Maharry, Pasechnik, Richter, Salazar; 2006)

Define g, := min {XTQX | x € Rgg, 17x = 1}. Then

cr(Kmn) > 3 n Gm — 3n|3(m— 1)2] for all m, n.

Proof. Given an optimal drawing, let ¢ € R%™ with ¢, := #{b; : v(b;) = 0}
Then x := n~Lc is feasible for gp,, so

2 2. T T n
nPam < mx'Qx=c'Qc =3, 7 ¢ Qor =11 Qy(b) (b))

_QZQ b)) —|—ZQA/ b)<2cr(Km,,)—|—nL%( —1)2]. O

i<j



